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We study Weitzenbock’s torsion and discuss its properties. Specifically, we cal¬ 
culate the measured components of Weitzenbock’s torsion tensor for a frame field 
adapted to static observers in a Fermi normal coordinate system that we establish 
along the world line of an arbitrary accelerated observer in general relativity. A 
similar calculation is carried out in the standard Schwarzschild-like coordinates for 
static observers in the exterior Kerr spacetime; we then compare our results with 
the corresponding curvature components. Our work supports the contention that 
in the extended general relativistic framework involving both the Levi-Civita and 
Weitzenbock connections, curvature and torsion provide complementary representa¬ 
tions of the gravitational held. 
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I. INTRODUCTION 


It is possible to extend the pseudo-Riemannian (i.e., Lorentzian) structure of General 
Relativity (GR) in a natural way by adding a second nonsymmetric connection due to 
Weitzenbock l|. The Weitzenbock connection is related to congruent frames adapted to 
observer families Q. The standard Levi-Civita connection (°T(G) is symmetric and hence 
torsion-free, but gives rise to the Riemannian curvature of spacetime that characterizes the 
gravitational held in GR. On the other hand, the Weitzenbock connection (T^), which 
is compatible with the Riemannian metric is curvature-free, but has torsion. The 

curvature of the Levi-Civita connection and the torsion of the Weitzenbock connection are 
complementary aspects of the gravitational held in the recent nonlocal generalization of 

GR [3-6]. 


In a global inertial frame in Minkowski spacetime, there exists a natural system of globally 
parallel tetrad frames, since the ideal inertial observers at rest carry orthonormal tetrad 
frames that consist of the four unit basis vectors of the background inertial frame in which 
the observers are all at rest. Flat spacetime contains an equivalence class of such parallel 
frame helds that are related to each other by constant elements of the six-parameter global 
Lorentz group. This parallelism disappears in the curved spacetime of GR. That is, given any 
smooth orthonormal tetrad held Aadapted to an observer family in curved spacetime, 
it is not possible to render the frame held parallel in any spacetime domain due to the 
presence of the Riemannian curvature of the Levi-Civita connection. It is nevertheless useful 
to have access to a global system of parallel axes in the presence of gravitation. To this 
end, one must extend GR by introducing a second (Weitzenbock) connection, which is so 
defined as to render a smooth orthonormal frame held parallel in extended GR. Therefore, 
of all possible smooth frame helds on Riemannian spacetime, one system can be chosen in 
order to define a global system of parallel axes that are, however, specihed up to global 
Lorentz transformations. This circumstance is reminiscent of the parallel frame helds of 
inertial observers in Minkowski spacetime. In extended GR, the chosen parallel frame held 
is adapted to a preferred family of observers. Such an observer family is then unique up 
to global Lorentz transformations, just as is the case with inertial observers in Minkowski 
spacetime. Henceforth, a preferred observer family in extended GR is one for which the 
frame held is globally parallel via the Weitzenbbck connection. 
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Imagine a class of preferred observers in extended GR and their associated smooth tetrad 
frame field e^a such that 

9fiv e ft — 9ap 1 ( 1 ) 

which is the orthonormality condition for the frame field. For this class of preferred observers, 
the Weitzenbock connection is given by [l] 


F M — r) pc 1 

1 aft — e V u a C/3 


( 2 ) 


This is essentially the unique connection for which the corresponding covariant differentia¬ 
tion is such that = 0. From this and the orthonormality condition, we get metric 

compatibility; that is, W u g a ft = 0. This leads to a global notion of parallelism; namely, 
distant vectors may be considered parallel if they have the same local components relative 
to their preferred frames. Teleparallelism has a long history [7-10]; in this framework, GR 
has an equivalent teleparallel formulation (GR||) [111. Il2|. 

The difference between two connections on the same manifold is a tensor. Thus we have 
the torsion tensor 

CV = - I*, = e\ (0„e/ -due/) , (3) 

and the contorsion tensor 

K A = °r M — F M l4i 

J- a ft J- a ft ■ \A/ 


It follows from the compatibility of the Levi-Civita and Weitzenbock connections with the 
Riemannian metric that the contorsion tensor is linearly related to the torsion tensor via 

Ka/3"/ "^iflceyft C'fl'ya G a ft y) ■ (5) 


We note that the torsion tensor is antisymmetric in its first two indices, while the contorsion 
tensor is antisymmetric in its last two indices. In this paper, we choose units such that 

G — c — 1. Furthermore, Greek indices run from 0 to 3, while Latin indices run from 1 to 

3. The signature of the metric is +2. We use a left superscript “0” for geometric quantities 
related to the Levi-Civita connection. Our conventions regarding the use of a nonsymmetric 
connection are explained in Appendix A. 

Let us consider the frame components of the Weitzenbock torsion with respect to the 
preferred orthonormal frame with dual u> a such that uj a {e^) = <5|; that is, 

r< A _ . p v. (ft P 7 _ f) p 

^ol$ — c ot c ft \y[i c v u v c ii ) • 


( 6 ) 
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These are measurable in principle and are essentially the structure functions of the preferred 
frame e„ = e'V d lx \ that is, 

[ e o ) eg] = eg . (7) 

Equivalently, these components can be obtained by evaluating the exterior derivative of the 
frame 1 -forms uP = e^ dx M according to the relation 

^ = ( 8 ) 

or the Lie derivative of the frame vectors along each other 


£ e& Cg 


o ^ p ~ 

-a ? 


= -c 


~7 p , 
a/3 c 7 


(9) 


and its “dual” relation 

£ e& J = C^u\ ( 10 ) 

At any event in spacetime, two orthonormal frames are related to each other by an element 
of the local Lorentz group; therefore, C & ^ transforms as a third-rank tensor under local 
Lorentz transformations. Moreover, these structure functions satisfy the Jacobi identity, 


[ e a j \&0 i ^ 7 ] ] T \d 0 , [e^,, e.Q,] ] T [eg , [eg, , e $ ] ] 0 , (H) 

which is equivalent to d 2 u a = 0. It follows from the Jacobi identity that 

d [& C^ + C^C h f = 0 , ( 12 ) 

where d& := eg is the Pfaffian derivative associated with eg. 

The main purpose of this paper is to calculate the structure functions Cf A in a general 
and physically transparent setting and study their physical properties. The following section 
is devoted to the study of the structure functions in the physically meaningful Fermi coor¬ 
dinates in a general gravitational field. In section III, we examine the structure functions 
for static observers in a general stationary axisymmetric gravitational field such as the Kerr 
spacetime. Section IV is devoted to a brief discussion of the lack of closure of infinitesimal 
parallelograms in the presence of torsion. Finally, section V contains a discussion of our 
results. 
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II. WEITZENBOCK’S TORSION IN FERMI COORDINATES 

To gain physical insight into the structure of Weitzenbock’s torsion, we consider an arbi¬ 
trary gravitational held in extended GR and establish a Fermi coordinate system in a cylin¬ 
drical spacetime region along the world line of an arbitrary accelerated observer O. Fermi 
coordinates are invariantly defined and constitute the natural general-relativistic generaliza¬ 
tion of inertial Cartesian coordinates. We then define the frame field of static observers in 
the Fermi coordinate system and calculate explicitly their measured torsion tensor . 

Imagine an accelerated observer O following the reference world line x m (t), where x^ = 
( t , x *) is an admissible system of spacetime coordinates 0 and r is the proper time along 
the observer’s trajectory. The observer carries an orthonormal tetrad frame A^fY) along 
its path in accordance with 


>D AY 

dr 


= 'A/M \“p ■ 


(13) 


Here, <j) & ^ = —4>p & is the acceleration tensor of O. In close analogy with the Faraday tensor, 
we can decompose the acceleration tensor into its “electric” and “magnetic” components, 
namely, <j) & ^ t—)■ (—a, f2). That is, the translational acceleration vector a is given by the frame 
components of the 4-acceleration vector associated with the 4-velocity vector A^q = daT/ dr 
of the observer and fi is the angular velocity of the rotation of the observer’s local spatial 
triad AG . i — 1,2, 3, with respect to the locally nonrotating (i.e., Fermi-Walker transported) 
triad 14]. 

Let us next establish an extended Fermi normal coordinate system in a world tube along 
5T(r). The Fermi coordinates are scalar invariants by construction and are indispensable 


for the interpretation of measurements in GR—see 15^20] and the references cited therein. 


Consider the class of spacelike geodesics that are orthogonal to the world line of the accel¬ 
erated observer at each event Q(t) along These form a local hypersurface. For an 

event P with coordinates aT on this hypersurface, let there be a unique spacelike geodesic of 
proper length a that connects Q to P. Then, P has Fermi coordinates X M = (T, X 1 ), where 


T = t. 




(14) 


Here, is the unit vector at Q(r) that is tangent to the spacelike geodesic segment from Q 
to P. Thus the reference observer O is always at the spatial origin of the Fermi coordinate 
system. 
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The coordinate transformation x M i —> (X° = T, X a ) can only be specified implicitly in 
general; hence, it is useful to express the spacetime metric in Fermi coordinates as a Taylor 
expansion in powers of the spatial distance a away from the reference world line. For onr 
present purposes, we can write the metric in Fermi coordinates as 


fi'oo 

= —'p 2 

+ Q 2 

1 _ RdidjX i X j + 0( X 3 


= — p 2 

+ Q 2 

: — 2<f> + 0( X 3 ), 

9ol 

= Q, - 

\Rm x ’ xi + °(|x| 3 ), 


= Qi- 

2 A-- 

LO(|X| 3 ), 

9ij 

= % - 

mi xix ‘ + °(l x l 3 ). 


= % - 

2s b 

+ 0(|X| 3 ). 


Here, we have introduced 

V = 1 + U, U = a ■ X, Q = f2xX (16) 

and we have used the notation 

«■ = jfloioi-V.V , ytj = l -R m X‘X k , Eg = ±R a}i X l ‘X l . (17) 

Moreover, R&fas(T) is the projection of the Riemann curvature tensor on the orthonormal 
tetrad frame of O and evaluated along the reference geodesic; that is, 

R ih i(T) - °JW Vc, Xf, W ■ (18) 

Henceforward, we will only keep terms np to second-order in the metric perturbation and 
note that Fermi coordinates are admissible in a finite cylindrical region about the world line 
of O with |X| < r c , where r c (T) is the infimum of acceleration lengths (|a(T n )|, |f2(T)| -1 ) 
as well as spacetime curvature lengths such as | (r)r 1/2 . 

Let us now consider the class of observers that are all at rest in this gravitational field and 
carry orthonormal tetrads that have essentially the same orientation as the Fermi coordinate 
system. This class includes of course our reference observer O. The orthonormal tetrad 
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frame of these preferred observers can be expressed in (T, X*) coordinates as 


^6 = 

(1-*, 0,0,0), 

(19) 

e"l = 

(-2^, 1 + Eii, 0, 0), 

(20) 

p M„ _ 
e 2 — 

(—2^4-2) 2 E^i, 1 + ^22) 0), 

(21) 

p M„ _ 
e 3 “ 

(—2.A3, 2 S33, 2 E32, 1 + E33). 

(22) 


Here, we have defined 


$ :=4> + 7/ -U 2 - -Q 2 , 


,2 U)Qi, H---S--- ^QiQj. (23) 


As expected, reduces to 5^ along the reference geodesic, where X = 0. It follows from 
9 y>v ^ o' that 


= (-1 - u‘ 


4*, — 2 Ai + U Qp — 2A2 + UQ2, —2*4.3 + U Q3), 


'Ml 


= ( 0,1 


=ii> 2 2 Hjg), 


e n 2 — (0) 0, 1 S 22 , 2 S 23 ), 

= ( 0 , 0 , 0 , 1 - E 33 ). 


(24) 

(25) 

(26) 
(27) 


Explicitly, we therefore have 


e 5 = ( 1 — 7/ + 7/ 2 + - Q 2 - 4> ) <9 t , 


e f = [~2Ai + Qi(l - 2U)} d T + ( 1 --Qf + E 


11 I ^vi > 


e 2 — [—2^4.2 + < 22(1 — 27/)] <9 T + ( 2 S^j — Q^Ci) + (^1 — 2 + S^J <9 X 2, 

e 3 = [ — 2^.3 + 63(1 — 27/)] d t + ( 2 S 3 J — Q 3 Q 1 ) d x i + ( 2 E 32 — Q 3 Q 2 ) 

1 


1 --Q 1 + E 


33 I ^X3 


with dual frame 


,0 


or = ^1 + U - -Q 2 + 4>J dT + [2*4 a - Qa(l - U)]dX a , 
a; 1 = (l + - Sp) dX l + (Q1Q2 - 2E i2 ) dX 2 + (Q1Q3 “ 2E33) dX :1 


a; 2 — ( 1 4- -Q. 


2 ' 

1 

2 U = 
1 


J 22 


U — ( 1 + - Qg - S33 


dX 2 + (Q 2 Q 3 -2E23)dX 3 , 
dX 2 . 


(28) 


(29) 
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We can now proceed to the evaluation of the associated structure functions. 

In Ctf, for each 7 = 0,1,2,3, we have an antisymmetric tensor that has “electric” and 
“magnetic” components in analogy with the Faraday tensor. Indeed, for 7 = 0, we have 


n.-° - 

°0 i ~ 


£ + (l-E/)a + ft x Q+Q „ , CG° = 2e s # [B - (1 - U) O + a x Q] k , (30) 


where 


Q = 


(in 

~dT 


xX, a x Q = Un - (a- S7)X. 


(31) 


Furthermore, the gravitoelectric held, £ = V<h, and the gravitomagnetic held, B = V x A, 
are given by 


fi(r.X) = R m (T)X\ Bi(T.X) = --e Bi # M (T) X 


(32) 


Let us note here that the gravitoelectric held is directly proportional to the “electric” com¬ 
ponents of the Riemann curvature tensor and similarly the gravitomagnetic held is directly 
proportional to the “magnetic” components of the Riemann curvature tensor. It is interest¬ 
ing that we can couch our torsion results in the familiar language of gravitoelectromagnetism 
(GEM) 21-23] ■ Moreover, the spatial part of the metric perturbation away from Minkowski 
spacetime, E^ = Ejj, is likewise proportional to the spatial components of the curvature. 
Next, for 7 = 1,2, 3, the electric parts only involve terms of higher order and can be ignored, 
so that 

<V = 0 ■ ( 33 ) 

However, the corresponding magnetic parts depend upon the spatial components of the 
curvature and we find that for 7 = 1 , 

C 23 ~ 3 HiQi+i? 23 io^ ) Qi = ^^Qi + ^RmdX , ^2 =2^3(21+ -.Ri2i - & x . ( 34 ) 

Similarly, for 7 = 2 , 


^23 2 — 211 1 Q 2 + 2^2320^° ) ^3 2 3 + 3 (-^3i2a 

C'i 2 — H 3 Q 2 + g-^i22a^ J 


(35) 


and for 7 = 3, 


Q>3^ — “^i 2.3 + g-^233 aX a , — II2Q3 + 3 ^313a^ a > ^' Vl ~ 0 ■ 


(36) 







9 


It is important to note that all of the components of can be obtained from Eqs. 

(j36[) by using the antisymmetry of Chs 7 in its first two indices. Furthermore, all of the 
components of the curvature tensor are involved in our calculation of the torsion tensor. 
The spatial components of the curvature tensor in Eqs. ()34l) - (l36l) essentially reduce to the 
gravitoelectric components in a Ricci-flat region of spacetime. The work reported here 
generalizes and extends the results of a_previous investigation regarding the possibility of 


measurement of Weitzenbbck’s torsion 


24], 


The torsion vector C a , C a := —C a pP, can be calculated for the static Fermi observers 
and turns out to be completely spatial; that is, C& = ( 0 , 0 {), where 0 is related to the 
gravitoelectric held as well as the spatial part of the torsion tensor. Indeed, 


0 , = - 


£ + (1 — U)sl T x Q + Q 


_ 


(37) 


On the other hand, the torsion pseudovector C a , C a := —(1/6 )e & p*g C^ s is given by (Cg, H^), 
where Cg = — (1/3) (Cgg 1 + Cgg 2 ) and H is related to the gravitomagnetic held, 


H = - [B - (1 - U) ft + a x Q] . 

o 


(38) 


We note that in our convention 60123 = 1- The three algebraic Weitzenbock invariants of the 
torsion tensor are discussed in Appendix C. 

It is interesting to compute the acceleration tensor for our family of static observers. To 
this end, we have 




= T/ - 


ds 

where s is the proper time along the observer’s world line. From Eq. 
e M g = dx^/ds, we hnd that 


(39) 

and the fact that 



K, 


6 a$ ' 


(40) 


Let us briehy digress here and mention that the connection between Eqs. (1391) and (jjOj) is 
completely general and is independent of the particular coordinate system or our choice of the 
preferred observers. I 11 the particular case of Fermi coordinates and static observers under 
consideration here, however, it follows from the decomposition of T into its “electric” and 
“magnetic” components and Eq. (J5J) that — Cg/ J and — are responsible for the proper 
acceleration and rotation of our observer family, respectively. This circumstance accounts 
for the nature of the terms that appear in Eq. (1301) . such as, for instance, the centripetal 
and transverse (Euler) acceleration terms in the electric components. 
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The torsion tensor vanishes along the reference world line (X = 0) if = 0. It follows 
that along the reference geodesic, the contorsion tensor and the Weitzenbock connection both 
vanish. Thus, by a proper choice of coordinates and preferred frame field, the Levi-Civita 
connection as well as the Weitzenbock connection can be made to vanish along a timelike 
geodesic. This provides a natural generalization of Fermi’s result in the context of extended 
GR, 


III. KERR SPACETIME 


Imagine accelerated observers at rest far away from a rotating gravitational source. 
Within the framework of linearized GR, the spacetime metric in gravitoelectromagnetic 
(GEM) form is given by ^3] 

ds 2 = —(1 + 2 &)dt 2 — 4(A ■ dx.)dt + (1 — 2 &)5ijdx l dx j , (41) 


where <F' is the gravitoelectric potential of the source and A is the corresponding gravito- 
magnetic vector potential. Following the linear perturbation approach, the GEM fields are 


given by 


23] 


E = V<F' - ( -A 


dt \ 2 


B = V x A. 


(42) 


The natural orthonormal tetrad frame adapted to these static observers can be expressed as 


e^ 6 = (1 - 0, 0, 0), (43) 

e ,J i = (-2 A h 1 + 0, 0), (44) 

= (-2 A it 0, 1 + 0), (45) 

= (-2 As, 0, 0, 1 + $'). (46) 


Taking into account the antisymmetry of the torsion tensor in its first two indices, all of 
the nonzero components of the structure functions can be obtained in this case from 

Cst = -E, + | a, A; , cJ = 2 e m B 4 (47) 

and 

<v = e« 4>'F (48) 

To illustrate further the nature of Weitzenbock’s torsion, we calculate in this section the 
structure functions for the natural tetrad frames of the static observers in the exterior Kerr 
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spacetime. To this end, let us first consider the case of a general stationary metric of the 
form 


ds 2 = g 00 (dx 0 ) 2 + gn(dx 1 ) 2 + g 22 {dx 2 ) 2 + 2g 03 dx°dx 3 + g 33 (dx 3 ) 2 (49) 


where the metric coefficients g Q p depend only upon x l and x 2 . A static observer in this case 
has a 4-velocity vector given by 

e o = 7 =— do , (50) 

V~9 oo 

and a natural adapted spatial frame that consists of the three vectors 


e i 



——d 2 , e 3 = T (~g d 0 + d 3 ) , 

y/922 


where 


Furthermore, we note that 



Q:= 


1703 

9oo 


V~9 — V~9oo 9u 922 ■ 


(51) 


(52) 


(53) 


For the structure functions in this case, we have the following general results for the 
gravitoelectric components 

Cq i° = — d\ In \/—g 0 o , Or/’ = ——d 2 In \f-~gm , C^ = 0 (54) 

\J9 11 y/922 

and the corresponding gravitomagnetic components 

e i :=#s i (o,o,e)i = (-Ls 2 <j,--La 1 a,o), (55) 

V 922 \J 9ll 

where d\ = <9 /( is the Pfaffian derivative operator. Moreover, = 0 and all of the other 

nonzero spatial components can be obtained from 


Cu 1 = — d 2 in , 

V 922 

On — ,— <9i In \f~9x2 

\J9\ 1 

(56) 

C, i S =-L9ilnjr, 

6^ = 1_ d‘2 111 T". 

3 ^ 

(57) 


The torsion vector C a can be easily calculated from these results and we find that C& = 
(0, Cf, C 2 , 0), where 


Ci 


d\ In 

y/<h 1 


(S-)' 


^2 


1 


\J~9xi 


d 2 In 


( A. 

V Vsn J 


(58) 
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Furthermore, the torsion pseudovector C a is given in this case by 


1 


C& — (0, - a /—goo 7Q \) 


(59) 


The metric of the exterior Kerr spacetime is of the general form of Eq. (1491) when written 
in Boyer-Lindquist coordinates x a = ( t,r,9,cp ); in fact, for a Kerr source with mass M and 
angular momentum Ma, we have 


9 03 — 


goo — —1 + 
2 Mra 


2 Mr _ E 

—, 9 li — , 922 — E 


• 2 n 12 2 2 Ad T d • 2 a \ • 2 n 

sm 2 9 , g 33 = r 2 + cT H-—— sm 2 9 I sm 2 9 . 


Here, 


A = r 2 + a 2 — 2 Mr , E = r 2 + a 2 cos 2 9 


(60) 

(61) 

(62) 


and 


goo 933 ~ 9o3 = - A sin2 6 • (63) 

The Kerr structure functions for static observers can be obtained from Eqs. (154^ - (157f) 


using 


7 = 


E — 2 Mr 
EA 


2 1 


G = 


2 Mra \ 9 

- sm 2 9. 

E — 2 Mr J 


(64) 


sin 9 ’ 

We can now compare and contrast the frame components of the torsion tensor with those 
of the corresponding curvature tensor given in Appendix B. 

Further simplifications arise in the Schwarzschild case (a = 0); that is, the nonzero 
components of torsion can be obtained from 


r~1 0 _ 
L 'oi — 


M 


= , C^ = C^ = --\I 1 
r 2 /i_ 2 M rV r 


2 M 


rm 3 - 

1 '-''32 — 


cot 9 


(65) 


IV. INFINITESIMAL PARALLELOGRAMS 


Consider two infinitesimal vectors A M and B M at an event P in spacetime. Suppose that 
A 11 is parallel transported along B 1 ' via a general connection 1 and B 1 ' is in turn parallel 
transported along A M as in Figure 1. The resulting infinitesimal parallelogram in general 
suffers from a lack of closure if the connection is not symmetric; in fact, as illustrated in 
Figure 1, (CD)* 1 = C a p fl (P)A a B 13 . 
















13 



FIG. 1. Schematic representation of an infinitesimal parallelogram. Here (BDY = A^ — 
r'^(P) Ba A’ 3 , while (AC)'' = B> 1 - T^(P)A a B^. Hence (CDY = (Y^ p - Y^ a )A a B^. 


It is possible to introduce a coordinate system in the neighborhood of event P such 
that the symmetric part of the connection vanishes 24]; that is, in the new system of 
coordinates T'd (P) = 0. In this case, as depicted in Figure 2, (CDY = 2<5 M , where 
5 " = \C a ^(P)A a B^. 



FIG. 2. Schematic representation of the nonclosure of the parallelogram when (P) = 0.. 

It follows that in our extended GR framework, if the Weitzenbock torsion does not vanish 
at an event P, then infinitesimal parallelograms based at P do not close. The situation is 
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different, however, for non-infinitesimal parallelograms, whose closure, or lack thereof, would 
crucially depend on the detailed circumstances at hand and the nature of the spacetime under 
consideration. 


V. CONCLUDING REMARKS 


Torsion, like curvature, is a basic tensor associated with a linear connection. The measure¬ 
ment of spacetime torsion depends upon the role that the torsion held plays in the physical 
theory. In the context of the Poincare gauge theory of gravitation, for instance, Cartan’s 
torsion is related to intrinsic spin and the possibility of its measurement has been explored 


in that framework 


25 


27]. Another approach involves the motion of extended bodies in the 


context of nonminimal theories, where torsion couplings can be important 28]. 


Weitzenbock’s torsion has been previously studied in the context of teleparallelism 


29 


30 ], In this paper, we have generalized previous work on the physical aspects of Weitzenbock’s 
torsion 24]. In our extended GR framework, we have studied the general properties of this 
torsion held for orthonormal frames that are naturally adapted to static observers in gravi¬ 
tational holds. For the measured components of the torsion tensor, C & ^, we hnd that 
represents what is essentially the gravitoelectric held, while CG° represents what is essen¬ 
tially the gravitomagnetic held. Moreover, C^f is related to the nonstationary character of 
the gravitational held and CG fc has in general mixed properties involving both the gravi¬ 
toelectric and gravitomagnetic aspects. These results should be compared and contrasted 
with the frame components of the curvature tensor. Our work illustrates the fact that in 
the extended GR framework, curvature and torsion are complementary representations of 
the gravitational held. 
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Appendix A: Nonsymmetric Connections 

In our convention, the covariant derivative associated with a general nonsymmetric con¬ 
nection rjg is defined for vector fields and B M as 

V a A» = d a A^ + F v afi A? , V a B lt = d a B l _ l - Bp . (Al) 

It follows that Vi/ = 0 for the Weitzenbock connection. Furthermore, for a covariant 
vector field A^, 

V ^ A u — Vi/ A^ = dn A u — d u A M — CA a . (A2) 

For a scalar field S. V Q S = d a S and we have 

(Va V^ - V /3 Va) S' = C a / <9 M A; (A3) 

moreover, the Ricci identity takes the form 

(V qV/ 3 — V/3 V a ) = R 1 [tap A 7 + C a p v V 1 / . (A4) 

Here, 

-R 7 /ia/3 = (A5) 

is the curvature tensor given by 

= 8, r”. - 8„ r|„ + iy, ry - ry ry„, (A6) 

which vanishes in the case of Weitzenbock’s connection. 


Appendix B: Frame components of the Riemann tensor for static observers in the 

exterior Kerr spacetime 


The symmetries of the Riemann curvature tensor make it possible to express its frame 
components °hb ^ as elements of a symmetric 6x6 matrix °7 Z = (°7 Zjj), where / and J 
range over the set (01, 02, 03, 23, 31,12); that is, 


°TZ = 


£ B 
B T S 


(Bl) 
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where 8 and S are symmetric 3x3 matrices and B is traceless. Here £ and B correspond 
to the gravitoelectric and gravitomagnetic components of spacetime curvature, respectively, 
while S corresponds to its spatial components. In a Ricci-flat spacetime, S = —8, 8 is 
traceless and B is symmetric. 

For the family of static observers in the exterior Kerr spacetime, the nonvanishing compo¬ 
nents of the symmetric and traceless 8 = (<%-■) and B = (£K) with respect to the frame (150]) - 
(l5Tj) can be obtained from 


Mr(r 2 — 3a 2 cos 2 9) (2 A + a 2 sin 2 9) 


% = 


— 

°12 — 


°22 ~ 


£ 3 (£ - 2 Mr) 

Mr(r 2 — 3a 2 cos 2 9 )(A + 2a 2 sin 2 6) 
S 3 (S - 2 Mr) 


3 Ma 2 (3r 2 — a 2 cos 2 9) y/A cos 9 sin 9 
£ 3 (£-2 Mr) 


and 




'ii 


12 — ‘-'12 J *-’22 




(B2) 


Mr O on 


f... — 

) ‘-'33 — 

—^(r 2 - 3 a 2 cos 2 9) 
zA 

(B3) 

= P &22 i 

^33 = P ^33 > 

(B4) 


where the dimensionless ratio p is given by 

a cos 9 ( 3r 2 — a 2 cos 2 9 
r 2 — 3a 2 cos 2 9 


P = 


(B5) 


We note that 8 and B diverge at the stationary limit (g 0 o — 0), and B = 0 in the nonrotating 
Schwarzschild case, where a = 0. 

Appendix C: Weitzenbock torsion invariants 

Let ea be a given orthonormal frame and C & ^ be the associated frame components of 
the structure functions. It is convenient to introduce the notation 


<V = , C &i ° = e aj)6 W £ , C 6a b = 


Then, the torsion vector C& has components 

Co = ~xl C & = * & -Cj; 

while the torsion pseudovector C& has components 

C b = -\e*tCJ, Ca = l(W a -e &i& x h£ ) 


(Cl) 


(C2) 


(C3) 
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Next, we consider the three algebraic Weitzenbock invariants of the torsion tensor, namely, 

Zi = C & f<C a ^ , Z 2 = , Z 3 = C&C* . (C4) 

In terms of the components of the torsion tensor, we have for X\ and Z 2 

X l = - 2 W & W a - 2 X - h x di + , 

Z 2 = tfa* 6 - 2e aSe W & X * ~ • (C5) 

Simplihcations occur either in the case of the static Fermi observers, at the order of approx¬ 
imation employed in section II, or in the case of static observers in the general stationary 
axisymmetric spacetime considered in section III, since Xai = 0 in these cases. 
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